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The distribution of quantum coherence in multipartite systems is one of the basic problems in the resource
theory of coherence. While the usual coherence measures are defined on a single system and cannot capture
the nonlocal correlation between subsystems, in order to deal with the distribution of coherence it is crucial to
quantify the coherence in bipartite systems properly. Here, we introduce incoherent-quantum (IQ) coherence
measures on bipartite systems, which can characterize the correlations between systems. According to the IQ
coherence measures on bipartite systems, we find the distribution of coherence of formation and assistance in
bipartite systems: the total coherence of formation is lower bounded by the sum of coherence of formation
in each subsystem and the entanglement of formation between the subsystems, while the total coherence of
assistance is upper bounded by the sum of coherence of assistance in each subsystem and the entanglement
of assistance between subsystems. Besides, we also obtain the tradeoff relation between the coherence cost
and entanglement cost, distillable coherence and distillable entanglement in bipartite systems. Thus, the IQ
coherence measures introduced here truly capture the nonlocal correlation between subsystems and reveal the
distribution of coherence in bipartite systems.
I. INTRODUCTION
Quantum coherence, stemming from the superposition rule
of quantum mechanics, can capture the feature of quantum-
ness in a single system, and play an important role in a variety
of applications ranging from thermodynamics [1, 2] to metrol-
ogy [3]. Recently, following the method in quantum informa-
tion theory, the resource theory of coherence has been devel-
oped [4–10]. Besides quantum coherence, there are other re-
source theory including quantum entanglement [11], asymme-
try [12–18], thermodynamics [19], and steering [20], where
all these quantum resource are helpful to quantum informa-
tion processing tasks.
Any resource theory consists of two basic elements: free
states and free operation. The state (operation) outside the
sets of free states (operation) is called resource. For example,
the free states in the resource theory of coherence is called in-
coherent states and the corresponding free operations is called
incoherent operations [4]. The resource measures are intro-
duced to quantify the amount of resource in a given quantum
state. To quantify the coherence in a single system, several
operational coherence measures has been proposed, namely,
relative entropy of coherence [4], l1 norm of coherence [4],
coherence of formation [7], robustness of coherence [21], co-
herence weight [22] and max-relative entropy of coherence
[23, 24], where relative entropy of coherence characterizes the
optimal rate to distill maximally coherent state from a given
quantum state [7], coherence of formation is equal to minimal
cost of maximal coherent state to prepare the given state [7]
and max-relative entropy of coherence can be interpreted as
the maximal overlap with the maximally coherent state under
incoherent operations [23].
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However, as the observation and characterization of the
properties of quantum systems is often affected by the cou-
pling to the environment, the effect of environment on quan-
tifying coherence has to be taken into account. Thus,
incoherent-quantum (IQ) coherence measures on bipartite
systems are introduced here, which can not only quantify the
coherence in local subsystem but also the collective coherence
between systems and thus plays a crucial role in the distri-
bution of coherence in multipartite systems [25]. In view of
the significance of IQ coherence measures, we investigate the
properties of IQ coherence measures in details and the dis-
tribution of coherence in bipartite systems in terms of other
coherence measures such as coherence of formation and as-
sistance.
Here, we introduce incoherent-quantum (IQ) coherence
measures defined by relative entropy, max-relative entropy
and l1 norm on bipartite systems to quantify the coherence
in the system with the access to a quantum memory. We also
introduce the IQ coherence of formation and assistance on bi-
partite systems, by which we find the distribution of coher-
ence formation and assistance in bipartite systems: the total
coherence of formation is lower bounded by the sum of co-
herence of formation in each subsystem and entanglement of
formation between subsystems, while the total coherence of
assistance is upper bounded by the sum of coherence of assis-
tance in each subsystem and entanglement of assistance be-
tween subsystems. Besides, we find the relationship between
coherence cost ( distillable coherence ) and entanglement cost
( distillable entanglement) in bipartite systems. Moreover, we
obtain the monogamy relationship for IQ coherence measures
( such as IQ coherence of assistance and formation ) in tripar-
tite systems, which illustrates the distribution of coherence in
multipartite systems. Furthermore, we discuss the relationship
between different IQ coherence measures, such as the equiva-
lence between IQ coherence measures defined by max-relative
entropy and l1 norm.
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2II. PRELIMINARIES
LetH be a d-dimensional Hilbert space andD(H) be the set
of density operators acting onH. Let us first recall some basic
facts about max- and min- relative entropies and the resource
theory of coherence.
Max-and min-relative entropy.—Given two operators ρ and
σ with ρ ≥ 0, Tr [ρ] ≤ 1 and σ ≥ 0, the max-relative entropy
of ρ with respect to σ [26, 27] is defined as
Dmax(ρ||σ) := min {λ ∈ R+ : ρ ≤ 2λσ } ,
where Dmax(ρ||σ) is well defined if supp[ρ] ⊂ supp[σ] with
supp[ρ] being the support of ρ. The min-relative entropy of ρ
with respect to σ [26, 27] is defined as
Dmin(ρ||σ) := − log Tr [Πρσ] ,
where Πρ is the projector on the support of ρ.
Resource theories of quantum coherence.—Given a fixed
reference basis { | i〉 }d−1i=0 for some d-dimensional Hilbert
space, any quantum state which is diagonal in the reference
basis is the free state in the resource theory of coherence and
the set of incoherent states is denoted by I. However, there
is still general consensus on the set of free operations in the
resource theory of coherence. Here, we refer incoherent oper-
ations (IO) [4] as the free operations, where incoherent oper-
ations (IO) is the set of all quantum operations Φ that admit a
set of Kraus operators {Ki }i such that Φ(·) =
∑
iKi(·)K†i
and KiIK†i ⊂ I for any i [4]. Besides, several operational
coherence measures have been proposed, which are listed as
follows,
(i) l1 norm of coherence [4],
Cl1(ρ) =
d−1∑
i,j=0
i 6=j
| 〈i| ρ |j〉 |,
(ii) relative entropy of coherence [4],
Cr(ρ) = S(∆(ρ))− S(ρ),
where S(ρ) = −Tr [ρ log ρ] is von Neumann entropy,
(iii) max-relative entropy of coherence [23],
Cmax(ρ) = min
σ∈I
Dmax(ρ||σ),
(iv) coherence of formation [7],
Cf (ρ) = min
ρ=
∑
i pi|ψi〉〈ψi|
∑
i
piS(∆(ψi)),
where the minimization is taken over all pure state decompo-
sition of ρ,
(v) coherence of assistance [9],
Ca(ρ) = max
ρ=
∑
i pi|ψi〉〈ψi|
∑
i
piS(∆(ψi)),
where the maximization is taken over all pure state decompo-
sition of ρ,
(vi) coherence weight [22],
Cw(ρ) = min {s ≥ 0 : ρ = (1− s)σ + sτ, σ ∈ I,
τ ∈ D(H)} .
III. ENTROPIC IQ COHERENCE MEASURE
Given a bipartite system HA ⊗ HB with a fixed ba-
sis { | i〉A }i of HA, we can define the relative entropy of
incoherent-quantum (IQ) coherence for any bipartite state
ρAB ∈ D(HA ⊗HB) as follows [9],
CA|Br (ρAB) = min
σA|B∈IQ
S(ρAB ||σA|B),
where the set of incoherent-quantum states IQ [9, 28] is given
by
IQ = {σA|B ∈ D(HA ⊗HB)|σA|B =
∑
i
piσ
A
i ⊗ τBi ,
σAi is incoherent, τ
B
i ∈ D(HB)},
and CA|Br gives an upper bound for assistant distillation of
coherence [9, 28]. Max- and min-relative entropies of IQ co-
herence have also been defined in Ref. [25] as follows,
CA|Bmax (ρAB) = min
σA|B∈IQ
Dmax(ρAB ||σA|B),
C
A|B
min (ρAB) = min
σA|B∈IQ
Dmin(ρAB ||σA|B),
where CA|Bmax captures the maximal advantage of bipartite
states in certain subchannel discrimination problems [25].
For IQ coherence measure CA|B , the following proper-
ties are considered: (i) positivity, CA|B(ρAB) ≥ 0 and
CA|B(ρAB) ≥ 0 iff ρA|B ∈ IQ; (ii) monotonicity un-
der incoherent operation on A side, that is, CA|B(ΛAIO ⊗
I(ρAB)) ≤ CA|B(ρAB); (iii) strong monotonicity under in-
coherent operation on A side, that is, for incoherent op-
eration ΛAIO(·) =
∑
iK
A
i (·)KA†i with KAi IKA†i ⊂ I,∑
i piC
A|B(ρ˜i) ≤ CA|B(ρ), where pi = Tr
[
KAi ρABK
A†
i
]
and ρ˜i = KAi ρABK
A†
i /pi; (iv) monotonicity under quan-
tum operation on B side, that is, CA|B(I ⊗ ΛB(ρAB)) ≤
CA|B(ρAB); (v) convexity, that is, for ρAB =
∑n
i piρi,
CA|B(ρAB) ≤
∑
i C
A|B(ρi).
Note that, CA|Br satisfies all these properties, and C
A|B
max
satisfies all these properties except (v). However, CA|Bmax sat-
isfies the quasi-convexity instead of convexity, that is, for
ρAB =
∑n
i piρi, C
A|B
max (ρAB) ≤ maxi CA|Bmax (ρi) ( See [25]).
For bipartite pure state |ψ〉AB , it can be written as |ψ〉AB =∑dA
i=1
√
pi |i〉A |ui〉B in the local basis { | i〉A }i of HA, thus
C
A|B
r (ψAB) = −
∑
i pi log pi = S(∆A(ρA)) ≤ log dA and
C
A|B
max (ψAB) = 2 log(
∑dA
i=1
√
pi) ≤ log dA. Due to the con-
vexity of CA|Br and quasi-convexity of C
A|B
max , C
A|B
r (ρAB) ≤
log dA and C
A|B
max (ρAB) ≤ log dA for any bipartite state
ρAB ∈ D(HA ⊗ HB), which means that the maximal value
for IQ coherence measures CA|Br and C
A|B
max does not depend
on the subsystem B. Here, we only consider the monotonic-
ity of IQ coherence measures under local incoherent opera-
tions on A side and local quantum operations on B side, while
the (strong) monotonicity of IQ coherence under the local
3incoherent-quantum operations and classical communication
(LIQCC) [9, 28] is still unknown as the characterization of
LIQCC (such as the Kraus operators of LIQCC) is unclear.
According to the definition, CA|Br (ρAB) ≥ Cr(ρA) with
ρA = TrB [ρAB ] being the reduced state. For any pure bipar-
tite state |ψ〉AB , the following relation holds,
CA|Br (ψAB) = Cr(ρA) + S(ρB), (1)
where S(ρB) is the von Neumman entropy of the reduced
state ρB = TrA [|ψ〉〈ψ|AB ] on system B. This comes directly
from the definition of CA|Br and the fact that S(ρA) = S(ρB)
for pure bipartite state. In general, for any bipartite state ρAB ,
C
A|B
r (ρAB) ≥ Cr(ρA) + δA→B [25], where δA→B is the
quantum discord between A and B for state ρAB [29]. For
pure tripartite states, we have the following proposition.
Proposition 1. Given a pure tripartite state |ψ〉ABC ∈D(HA ⊗HB ⊗HC), it holds that
CA|Br (ρAB)− CA|Cr (ρAC) = S(ρB)− S(ρC), (2)
where ρAB , ρAC are the corresponding reduced states of
ψABC .
Proof. Any tripartite pure state |ψ〉ABC can be written as|ψ〉ABC =
∑
i
√
pi |i〉A⊗|ui〉BC in the local basis { | i〉A }i
of HA with pi ≥ 0,
∑
i pi = 1, and thus the reduced states
ρAB and ρAC can be written as
ρAB =
∑
i,j
√
pipj |i〉〈j|A ⊗ TrC [|ui〉〈uj |BC ] ,
ρAC =
∑
i,j
√
pipj |i〉〈j|A ⊗ TrB [|ui〉〈uj |BC ] .
Due to the definition,
CA|Br (ρAB) = S(∆A(ρAB))− S(ρAB)
= S(∆A(ρA)) +
∑
i
piS(TrC [|ui〉〈ui|BC ])
−S(ρAB),
CA|Cr (ρAC) = S(∆A(ρAC))− S(ρAC)
= S(∆A(ρA)) +
∑
i
piS(TrB [|ui〉〈ui|BC ])
−S(ρAC).
As for pure states, the von Neumann entropy of the
reduced states is equal, thus S(TrC [|ui〉〈ui|BC ]) =
S(TrB [|ui〉〈ui|BC ]) for any i, and S(ρAB) = S(ρC),
S(ρAC) = S(ρB). Therefore, we obtain the result.
The Proposition 1 illustrates that the difference between
C
A|B
r (ρAB) and C
A|C
r (ρAC) for tripartite pure state is equal
to the difference between the amount of information encoded
in ancillary systems B and C.
In tripartite systems, the monogamy relation for relative en-
tropy of IQ coherence has been proposed asCAB|Cr (ρABC) ≥
C
A|C
r (ρAC) + C
B|C
r (ρBC) [25], where ρAB and ρAC are the
corresponding reduced states. However, the relationship be-
tween CA|BCr (ρABC) and C
A|B
r (ρAB) + C
A|C
r (ρAC) is still
unknown, that is, whether the following relation holds for all
tripartite states remains to be verified,
CA|BCr (ρABC) ≥ CA|Br (ρAB) + CA|Cr (ρAC). (3)
We give an upper bound for the quantity CA|BCr (ρABC) −
C
A|B
r (ρAB)−CA|Cr (ρAC) in terms of conditional entropy and
find that the relation (3) may not hold in general.
Lemma 2. Given a tripartite state ρABC ∈ D(HA ⊗ HB ⊗
HC), then
CA|BCr (ρABC)− CA|Br (ρAB)− CA|Cr (ρAC)
≤ −S(A|BC) + S(A|B) + S(A|C), (4)
where the conditional entropy is defined as S(X|Y ) =
S(ρXY )− S(ρY ).
Proof. Let us take another system HA′ = HA and the local
basis { | i〉A′ }i = { | i〉A }i. Define an unitary operator onHA⊗HA′ such that UAA′ |i〉A |0〉A′ = |i〉A |i〉A′ . Hence, for
any tripartite state ρABC =
∑
i,j |i〉〈j|A ⊗ ρBCij ,
σABCA′ = ∆A ⊗∆A′(UAA′ρABC ⊗ |0〉〈0|A′U†AA′)
=
∑
i
|i〉〈i|A ⊗ ρBCii ⊗ |i〉〈i|A′ .
Thus, σAB = TrA′C [σABCA′ ] =
∑
i |i〉〈i|A ⊗ ρBi , σA′C =
TrAB [σABCA′ ] =
∑
i |i〉〈i|A′ ⊗ ρCi , and S(σAB) =
S(∆A(ρAB)), S(σA′C) = S(∆A(ρAC)) where ρBi =
TrC
[
ρBCii
]
and ρCi = TrB
[
ρBCii
]
. Then, as S(σABCA′) =
S(∆A(ρABC)), we have
S(σABCA′ ||σAB ⊗ σA′C)
= S(ρAB) + S(ρA′C)− S(σABCA′)
= S(∆A(ρAB)) + S(∆A(ρAC))− S(∆A(ρABC)).
Since relative entropy is monotone under partial trace, then
S(σABCA′ ||σAB ⊗ σA′C) ≥ S(σBC ||σB ⊗ σC),
where σBC = ρBC , σB = ρB and σC = ρC , that is,
S(∆A(ρAB)) + S(∆A(ρAC))− S(∆A(ρABC))
≥ S(ρB) + S(ρC)− S(ρBC).
Therefore,
CA|BCr (ρABC)− CA|Br (ρAB)− CA|Cr (ρAC)
= S(ρAB) + S(ρAC)− S(ρABC)
−[S(∆A(ρAB)) + S(∆A(ρAC))− S(∆A(ρABC))]
≤ S(ρAB) + S(ρAC)− S(ρABC)
−[S(ρB) + S(ρC)− S(ρBC)]
= −S(A|BC) + S(A|B) + S(A|C).
4The negative conditional entropy quantifies the amount of
entanglement as S(A|B) < 0 indicates the entanglement be-
tween A and B [30]. Thus, the following relation
−S(A|BC) ≥ −S(A|B)− S(A|C), (5)
can be viewed as a monogamy relation of entanglement,
which holds for any pure tripartite state. Besides, Lemma 2
illustrates that the violation of the relation (5) will lead to the
violation of the relation (3).
Proposition 3. There exists some tripartite state ρABC ∈
D(HA ⊗HB ⊗HC) such that
CA|BCr (ρABC) ≤ CA|Br (ρAB) + CA|Cr (ρAC).
Proof. It is easy to verify that the tripartite state with the form
ρABC = ρA1B ⊗ ρA2B violates the relation (5) where HA =
HA1 ⊗ HA2 . Thus, the relation (3) does not hold in general.
In view of the discussion in Ref. [25], the relation (3) can-
not hold in general as the termCA|Br (ρAB)+C
A|C
r (ρAC) con-
tains two copies of local coherence Cr(ρA), whereas the term
C
A|BC
r (ρABC) only contains one copy of Cr(ρA). The rela-
tion (3) will be violated for the tripartite state ρABC with weak
correlation between B and C, e.g., ρABC = ρA1B ⊗ ρA2B
whereHA = HA1 ⊗HA2 .
By introducing smooth max and min-relative entropies of
IQ coherence, the distribution of coherence quantified by rel-
ative entropy in multipartite systems has been obtained in Ref.
[25]. Besides relative entropy of coherence, we find the dis-
tribution of coherence of formation Cf and assistance Ca in
bipartite systems by introducing the corresponding IQ coher-
ence measures. The IQ coherence of formation on bipartite
systems is defined as follows,
C
A|B
f (ρAB) : = min
∑
i
piC
A|B
r (|ψi〉〈ψi|AB)
= min
∑
i
piS(∆A(|ψi〉〈ψi|AB)), (6)
where the minimization is taken over all pure state decompo-
sition ρAB =
∑
i pi|ψi〉〈ψi|AB . Since S(∆A(|ψi〉〈ψi|AB)) =
S(∆A(TrB [|ψi〉〈ψi|AB ])) ( see Lemma 20 in Appendix A )
and von Neumann entropy is concave, then we have
C
A|B
f (ρAB) = min
∑
i
piS[∆A(TrB
[
ρABi
]
)], (7)
where the minimization is taken over all state decomposition
of ρAB =
∑
i piρ
AB
i without the restriction of ρ
AB
i to be pure
state. CA|Bf satisfy the properties (i)-(v), where (i) and (v) are
obvious, (iii) and (iv) are presented in Appendix A, and (ii)
comes directly from (iii) and (v).
Here, we consider the distribution of coherence of forma-
tion in bipartite systems in terms of the IQ coherence of for-
mation CA|Bf , where C
A|B
f contains not only the local coher-
ence in subsystem but also the entanglement of formation Ef
[31] between A and B, for which we have the following rela-
tion.
Lemma 4. Given a bipartite state ρAB ∈ D(HA⊗HB), then
C
A|B
f (ρAB) ≥ Cr(ρA) + Ef (ρAB), (8)
where ρA is the reduced state on subsystem A, and
Ef (ρAB) = min
∑
i piS(TrA [|ψi〉〈ψi|AB ]) with the mini-
mization being taken over all pure state decomposition of
ρAB =
∑
i pi|ψi〉〈ψi|AB .
Proof. For any pure state decomposition of ρAB =∑
i pi|ψi〉〈ψi|AB with ρAi = TrB [|ψi〉〈ψi|AB ] and ρBi =
TrA [|ψi〉〈ψi|AB ], we have∑
i
piS(∆A(|ψi〉〈ψi|AB)) =
∑
i
pi[Cr(ρ
A
i ) + S(ρ
B
i )]
≥ Cr(ρA) + Ef (ρAB),
where the first line comes from (1) and the second line comes
from the convexity of Cr and definition of Ef . Thus, we get
the result.
Lemma 5. Given a bipartite state ρAB ∈ D(HA⊗HB), then
Cf (ρAB) ≥ CA|Bf (ρAB) + Cf (ρB), (9)
where ρB is the reduced state of ρAB on subsystem B.
Proof. There exists an optimal pure state decom-
position of ρAB =
∑
i pi|ψi〉〈ψi|AB such that
Cf (ρAB) =
∑
i piS(∆A ⊗ ∆B(|ψi〉〈ψi|AB)), where
|ψi〉AB =
∑
j
√
λi,j |j〉A |ui,j〉B with
∑
j λi,j = 1 for any i
and { | j〉A }j is the reference basis of subsystem A. Thus,
Cf (ρAB) =
∑
i
piS(∆A ⊗∆B(|ψi〉〈ψi|AB))
=
∑
i
pi[S(∆A(ρ
A
i )) +
∑
j
λi,jS(∆B(|ui,j〉〈ui,j |B))]
=
∑
i
piS(∆A(ρ
A
i )) +
∑
i,j
piλi,jS(∆B(|ui,j〉〈ui,j |B))
≥ CA|Bf (ρAB) + Cf (ρB),
where the inequality results from the definitions of CA|Bf and
Cf , and the fact that ρB =
∑
i,j piλi,j |ui,j〉〈ui,j |B .
Combining the above two lemmas, we can obtain the distri-
bution of coherence of formation in bipartite systems, where
the total coherence of formation is lower bounded by the sum
of local coherence of formation in subsystems A and B and
the entanglement of formation between the subsystems.
Theorem 6. Given a bipartite state ρAB ∈ D(HA ⊗HB), it
holds that,
Cf (ρAB) ≥max {Cr(ρA) + Cf (ρB), Cr(ρB) + Cf (ρA) }
+ Ef (ρAB), (10)
where ρA and ρB are the corresponding reduced states of
ρAB .
5Proof. Based on Lemmas 4 and 5, we have
Cf (ρAB) ≥ CA|Bf (ρAB) + Cf (ρB)
≥ Cr(ρA) + Ef (ρAB) + Cf (ρB).
Similarly, Cf (ρAB) ≥ Cr(ρB) +Cf (ρA) +Ef (ρAB) can be
obtained.
Now, we give an example such that the equality in Theorem
6 holds. For any quantum state ρB ∈ D(HB), there exists
an optimal pure state decomposition of ρB =
∑
i pi|ui〉〈ui|B
such that Cf (ρB) =
∑
i piS(∆B(|ui〉〈ui|)). Let us take
the pure bipartite state |ψ〉AB =
∑
i
√
pi |i〉A |ui〉B , then
Cf (ψAB) = Cr(ρA) + Cf (ρB) + Ef (ψAB).
Besides, due to the equivalence between coherence of for-
mation Cf and coherence cost Cc [7], we can obtain the re-
lationship between coherence cost Cc and entanglement cost
Ec in bipartite systems from Theorem 6.
Corollary 7. Given a bipartite state ρAB ∈ D(HA⊗HB), it
holds that,
Cc(ρAB) ≥max {Cr(ρA) + Cc(ρB), Cr(ρB) + Cc(ρA) }
+ Ec(ρAB), (11)
where ρA and ρB are the corresponding reduced states of
ρAB , and the entanglement cost Ec [32] is defined as
Ec(ρ) = inf { t : lim
n→∞
∥∥ρ⊗n − ΛLOCC(φ⊗tn+ )∥∥tr = 0 } ,
with |φ+〉 = 1√2 (|00〉 − |11〉), ΛLOCC being the local oper-
ation and classical communication (LOCC) and trace norm
‖A‖tr = Tr
[√
A†A
]
.
Proof. In view of Theorem 6, we have the following relation-
ship for the bipartite state ρ⊗nAB ,
Cf (ρ
⊗n
AB) ≥ Cr(ρ⊗nA ) + Cf (ρ⊗nB ) + Ef (ρ⊗nAB).
Since both Cr and Cf are additive [7] and Ec is equivalent to
the regularized entanglement of formation Ef [32], we have
Cf (ρAB) ≥ Cr(ρA) + Cf (ρB) + Ec(ρAB).
Similarly, we can also obtain the following relation,
Cf (ρAB) ≥ Cr(ρB) + Cf (ρA) + Ec(ρAB).
Therefore, we obtain the result.
It has been proved that relative entropy of coherence Cr
is equivalent to distillable coherence Cd [7]. Thus we can
obtain the relationship between the distillable coherence and
distillable entanglement in bipartite systems as follows.
Corollary 8. Given a bipartite state ρAB ∈ D(HA ⊗ HB),
Cd(ρAB) and Ed(ρAB) has the following relationship,
Cd(ρAB) ≥ Cd(ρA) + Cd(ρB) + Ed(ρAB), (12)
whereρA and ρB are the corresponding reduced states of ρAB
and the distillable entanglement Ed [33] is defined as
Ed(ρ) = inf { t : lim
n→∞
∥∥ΛLOCC(ρ⊗n)− φ⊗tn+ ∥∥tr = 0 } .
Proof. It has been proved in Ref. [25] that
Cr(ρAB) ≥ Cr(ρA) + Cr(ρB) + E∞r (ρAB),
where E∞r is the regularized relative entropy of entanglement
[34–36]. Due to the equivalence between Cr and Cd [7] and
the fact that E∞r ≥ Ed [11], we obtain the result.
In tripartite systems, the monogamy relation of coherence
has been considered for relative entropy of coherence Cr and
it has been shown in Refs. [37, 38] that it does not hold in gen-
eral for Cr. However, the monogamy relation for IQ coher-
ence measure CA|Br has been established in Ref. [25]. Here,
we obtain the monogamy relation for CA|Bf in tripartite sys-
tems as follows.
Proposition 9. Given a bipartite state ρABC ∈ D(HA ⊗
HB ⊗HC), then
C
AB|C
f (ρABC) ≥ CA|BCf (ρABC) + CB|Cf (ρBC), (13)
which implies the following monogamy relation,
C
AB|C
f (ρABC) ≥ CA|Cf (ρAC) + CB|Cf (ρBC). (14)
Proof. For any pure tripartite state |ψ〉ABC =
∑
i
√
pi |i〉A ⊗|ui〉BC ,
C
AB|C
f (ψABC)
= CAB|Cr (ψABC)
= S(∆A ⊗∆B(ρAB))
= S(∆A(ρA)) +
∑
i
piS(∆B(ρ
B
i ))
= S(∆A(ρA)) +
∑
i
piS(∆B(TrC |ui〉〈ui|BC))
≥ CA|BCf (ψABC) + CB|Cf (ρBC),
where the last inequality results from the fact that
S(∆A(ρA)) = C
A|BC
f (ψABC) for pure state ψABC
and
∑
i piS(∆B(TrC |ui〉〈ui|BC)) ≤ CB|Cf (ρBC) due
to the definition of CB|Cf . For any tripartite states
ρABC , there exists an optimal pure state decomposition of
ρABC =
∑
i λi|ψi〉〈ψi|ABC such that CAB|Cf (ρABC) =∑
i λiC
AB|C
f (|ψi〉〈ψi|ABC). Thus,
C
AB|C
f (ρABC) =
∑
i
λiC
AB|C
f (|ψi〉〈ψi|ABC)
≥
∑
i
λi[C
A|BC
f (|ψi〉〈ψi|ABC) + CB|Cf (ρBCi )]
≥ CA|BCf (ρABC) + CB|Cf (ρBC).
6Similar to coherence of formation Cf , coherence of assis-
tance Ca is also defined by taking the pure state decomposi-
tions of the given state [9]. Here, we introduce the IQ coher-
ence of assistanceCA|Ba on bipartite systems, which is defined
as follows
CA|Ba (ρAB) : = max
∑
i
piC
A|B
r (|ψi〉〈ψi|AB)
= max
∑
i
piS(∆A(|ψi〉〈ψi|AB)), (15)
where the maximization is taken over all pure state de-
composition ρAB =
∑
i pi|ψi〉〈ψi|AB . Following the similar
method, we can obtain the relationship between coherence of
assistance Ca and entanglement of assistance Ea [39] in bi-
partite systems as follows.
Theorem 10. Given a bipartite state ρAB ∈ D(HA ⊗ HB),
it holds that,
CA|Ba (ρAB) ≤ Ca(ρA) + Ea(ρAB),
Ca(ρAB) ≤ CA|Ba (ρAB) + Ca(ρB),
Ca(ρAB) ≤ Ca(ρA) + Ca(ρB) + Ea(ρAB),
where Ea(ρAB) = max
∑
i piS(TrA [|ψi〉〈ψi|AB ]) with the
maximization being taken over all pure state decomposition
of ρAB =
∑
i pi|ψi〉〈ψi|AB and ρA, ρB are the reduced states
of ρAB on subsystems A and B, respectively.
Theorem 10 illustrates that the total coherence of assis-
tance in bipartite systems is upper bounded by the sum of
coherence of assistance in each subsystem and the entangle-
ment of formation between subsystems. The proof of The-
orem 10 is almost the same as that of Theorem 6, thus we
omit it here. The regularized version of coherence of assis-
tance C∞a has also been proposed in Ref. [9], which is de-
fined as C∞a (ρ) := limn→∞
1
nCa(ρ
⊗n) = S(∆(ρ)). More-
over, for any state extension ρAB of a given state ρA, i.e.,
TrA [ρAB ] = ρA, C∞a (ρA) is a upper bound of C
A|B
r (ρAB).
In fact, C∞a (ρA) is the maximum value of C
A|B
r (ρAB) for the
state extension ρAB of ρA.
Proposition 11. Given a quantum state ρA ∈ D(HA), then
C∞a (ρA) = max
ρAB ,TrB [ρAB ]=ρA
CA|Br (ρAB). (16)
Proof. First, for pure bipartite state ψAB with
TrB [|ψ〉〈ψ|AB ] = ρA, then CA|Br (ψAB) = S(∆A(ρA)) =
C∞a (ρA). Besides, for mixed bipartite state ρAB
with TrB [ρAB ] = ρA, there exists a purification
ψABC of ρAB such that TrC [|ψ〉〈ψ|ABC ] = ρAB .
Since CA|Br is monotone under completely positive
and trace preserving (CPTP) maps on B side, then
C
A|B
r (ρAB) ≤ CA|BCr (ψABC) = S(∆A(ρA)) = C∞a (ρA).
IV. l1 NORM OF IQ COHERENCE
In order to introduce l1 norm of IQ coherence on bipartite
systems, let us first introduce a new norm ‖·‖l1⊗tr on B(HA⊗HB) with a fixed basis { | i〉A }i of HA. For any operator
Q ∈ B(HA ⊗HB) written as Q =
∑dA
i,j=1 |i〉〈j|A ⊗QBij , the
norm ‖Q‖l1⊗tr is defined as follows,
‖Q‖l1⊗tr :=
dA∑
i,j=1
∥∥QBij∥∥tr , (17)
where ‖A‖tr = Tr
[√
A†A
]
. It is easy to show that ‖·‖l1⊗tr
is a norm, that is, it satisfies the following properties: (i) Pos-
itivity, ‖Q‖l1⊗tr ≥ 0 and ‖Q‖l1⊗tr = 0 ⇔ Q = 0; (ii)‖αQ‖l1⊗tr = |α| ‖Q‖l1⊗tr for any α ∈ C; (iii) Triangle in-
equality, ‖Q+ P‖l1⊗tr ≤ ‖Q‖l1⊗tr +‖P‖l1⊗tr for any oper-
ators Q,P ∈ B(HA ⊗HB).
Based on this new norm, we define l1 norm of IQ coherence
on bipartite systems as follows,
C
A|B
l1
(ρAB) := min
σA|B∈IQ
∥∥ρAB − σA|B∥∥l1⊗tr
=
∑
i 6=j
∥∥ρBij∥∥tr , (18)
where ρBij = 〈i |ρAB | j〉A. Note that, CA|Bl1 satisfies the prop-
erties (i)-(v), where the positivity of CA|Bl1 ( i.e., property (i)
) comes from the positivity of the norm ‖·‖l1⊗tr, (iv) results
from the contractivity of ‖·‖tr under CPTP maps, (v) comes
from the triangle inequality of the norm ‖·‖l1⊗tr, (iii) and (v)
lead to the property (ii). Thus, we only need to prove (iii),
which is presented in the Appendix B.
Due to the definition, CA|Bl1 (ρAB) ≥ Cl1(ρA) with ρA
being the reduced state of ρAB , which comes from the fact
that
∥∥ρBij∥∥tr ≥ ∣∣Tr [ρBij]∣∣. If the subsystem B is a triv-
ial system, i.e., dimHB = 1, then CA|Bl1 (ρAB) reduces to
Cl1(ρA). Besides, for bipartite pure state |ψ〉AB , which can
be written as |ψ〉AB =
∑dA
i=1
√
pi |i〉A |ui〉B , CA|Bl1 (ψAB) =
(
∑dA
i=1
√
pi)
2 − 1 ≤ dA − 1. Thus, the maximum value for
C
A|B
l1
is dA − 1 which does not depend on the subsystem B.
Proposition 12. Given an bipartite state ρAB ∈ D(HA ⊗
HB), then
Cl1(ρAB) ≥ CA|Bl1 (ρAB) + Cl1(ρB), (19)
where ρB is the reduced state of ρAB .
Proof. For any bipartite state ρAB =
∑
i,j |i〉〈j|A ⊗ ρBij , the
reduced state ρB can be written as ρB =
∑
i ρ
B
ii . Thus
C
A|B
l1
(ρAB) =
∑
i6=j
∥∥ρBij∥∥tr ,
Cl1(ρB) =
∥∥∥∥∥∑
i
ρBii
∥∥∥∥∥
l1
− 1 =
∑
j 6=k
|
∑
i
〈
j
∣∣ρBii ∣∣ k〉B |,
Cl1(ρAB) =
∑
j 6=k
∑
i
| 〈j ∣∣ρBii ∣∣ k〉B |+∑
i 6=j
∥∥ρBij∥∥l1 .
7Since
∑
j 6=k |
∑
i
〈
j
∣∣ρBii ∣∣ k〉B | ≤ ∑j 6=k∑i | 〈j ∣∣ρBii ∣∣ k〉B |
and
∑
i 6=j
∥∥ρBij∥∥tr ≤ ∑i 6=j ∥∥ρBij∥∥l1 ( See Lemma 21 in Ap-
pendix C), we get the result.
This relation (19) is stronger than the known result
Cl1(ρAB) ≥ Cl1(ρA) + Cl1(ρB) as CA|Bl1 (ρAB) ≥ Cl1(ρA).
Besides, CA|Bl1 contains not only the local coherence in sub-
system A but also the nonlocal correlation between A and B
from the following proposition.
Proposition 13. Given a bipartite state ρAB ∈ D(HA⊗HB),
then we have the following relationship,
C
A|B
l1
(ρAB)
2 − Cl1(ρA)2 ≥ 2(Tr
[
ρ2AB
]− Tr [ρ2A]).(20)
Proof. Any bipartite state ρAB can be written as ρAB =∑dA
i,j=1 |i〉〈j|A ⊗ ρBij and thus
C
A|B
l1
(ρAB) = 2
∑
i<j
Tr
[|ρBij |] ,
Cl1(ρA) = 2
∑
i<j
|Tr [ρBij] |.
Moreover, the term Tr
[
ρ2AB
] − Tr [ρ2A] has the following
upper bound,
Tr
[
ρ2AB
]− Tr [ρ2A]
= (
∑
i
Tr
[|ρBii |2]+ 2∑
i<j
Tr
[|ρBij |2])
−(
∑
i
Tr
[
ρBii
]2
+ 2
∑
i<j
|Tr [ρBij] |2)
≤ 2
∑
i<j
(Tr
[|ρBij |2]− |Tr [ρBij] |2)
≤ 2
∑
i<j
(Tr
[|ρBij |]2 − |Tr [ρBij] |2),
where the first and the second inequalities come from the fact
that Tr
[|ρBij |2] ≤ Tr [|ρBij |]2. Therefore,
C
A|B
l1
(ρAB)
2 − Cl1(ρA)2
= 4[(
∑
i<j
Tr
[|ρBij |])2 − (∑
i<j
|Tr [ρBij] |)2]
= 4[
∑
i<j
(Tr
[|ρBij |]− |Tr [ρBij] |)][∑
i<j
(Tr
[|ρBij |]+ |Tr [ρBij] |)]
≥ 4
∑
i<j
[Tr
[|ρBij |]2 − |Tr [ρBij] |2]
≥ 2(Tr [ρ2AB]− Tr [ρ2A]),
where the first inequality comes directly from the fact that
Tr
[|ρBij |] ≤ Tr [|ρBij |] and the second inequality comes from
the upper bound of Tr
[
ρ2AB
]− Tr [ρ2A].
The term Tr
[
ρ2AB
] − Tr [ρ2A] quantifies the entanglement
between A and B as
Tr
[
ρ2AB
]− Tr [ρ2A] > 0 (21)
only if ρAB is entangled [40] and the inequality (21) provides
a powerful tool in the detection of entanglement in experi-
ments [41, 42]. Thus, the above proposition implies that the
total coherence in bipartite system quantified by l1 norm con-
sists of the nonlocal correlation between A and B and the local
coherence Cl1(ρA) and Cl1(ρB). Furthermore, we obtain the
monogamy relation of CA|Bl1 in tripartite systems, which clar-
ifies the distribution of coherence by l1 norm in multipartite
systems.
Proposition 14. Given a tripartite state ρABC ∈ D(HA ⊗
HB ⊗HC), then
C
AB|C
l1
(ρABC) ≥ CA|BCl1 (ρABC) + C
B|C
l1
(ρBC), (22)
which implies the following monogamy relation,
C
AB|C
l1
(ρABC) ≥ CA|Cl1 (ρAC) + C
B|C
l1
(ρBC), (23)
where ρAC , ρBC are the corresponding reduced states of
ρABC .
Proof. Any tripartite state ρABC can be written as ρABC =∑
i,j
∑
m,n |i〉〈j|A ⊗ |m〉〈n|B ⊗ ρCij,mn with the local basis
{ | i〉A }i and { | m〉B }m of HA and HB . Then the reduced
state ρBC =
∑
i
∑
m,n |m〉〈n|B ⊗ ρCii,mn. Thus
C
AB|C
l1
(ρABC) =
∑
(i,m)6=(j,n)
∥∥ρCij,mn∥∥tr ,
C
A|BC
l1
(ρABC) =
∑
i 6=j
∥∥∥∥∥∑
m,n
|m〉〈n|B ⊗ ρCij,mn
∥∥∥∥∥
tr
≤
∑
i 6=j
∑
m,n
∥∥|m〉〈n|B ⊗ ρCij,mn∥∥tr
=
∑
i 6=j
∑
m,n
∥∥ρCij,mn∥∥tr ,
C
B|C
l1
(ρBC) =
∑
m 6=n
∥∥∥∥∥∑
i
ρCii,mn
∥∥∥∥∥
tr
≤
∑
i
∑
m6=n
∥∥ρCii,mn∥∥tr ,
where (i,m) 6= (j, n) means i 6= j or m 6= n. Therefore, we
get the result.
Now, let us consider the relationship between CA|Bl1 and
C
A|B
max , where we find that C
A|B
l1
is closely related to CA|Bmax
and they are equal for certain type of bipartite states.
Proposition 15. Given a bipartite state ρAB ∈ D(HA⊗HB),
then
1 +
1
dA − 1C
A|B
l1
(ρAB) ≤ 2CA|Bmax (ρAB) ≤ 1 + CA|Bl1 (ρAB),
(24)
where dA is the dimension ofHA.
8Proof. Any bipartite state ρAB can be written as ρAB =∑
i,j |i〉〈j|A ⊗ ρBij , then CA|Bl1 (ρAB) =
∑
i 6=j
∥∥ρBij∥∥tr =∑
i,j
∥∥ρBij∥∥tr − 1. For ρBij with i < j, there exists a uni-
tary UBij such that U
B
ij ρ
B
ij = |ρBij |, and thus ρBjiUB†ij = |ρBij |
as (ρBij)
† = ρBji. Now, let us take the positive operator M as
follows,
M =
1
dA − 1
∑
i<j
[|i〉〈i|A ⊗ IB + |j〉〈j|A ⊗ IB
+ |i〉〈j|A ⊗ UB†ij + |j〉〈i|A ⊗ UBij ]
= IAB +
1
dA − 1 [|i〉〈j|A ⊗ U
B†
ij + |j〉〈i|A ⊗ UBij ],
where the positivity of M comes from the fact that |i〉〈i|A ⊗
IB + |j〉〈j|A ⊗ IB = ||i〉〈j|A ⊗UB,†ij + |j〉〈i|A ⊗UBij | and the
fact that |X|+X ≥ 0 for any Hermitian operator X .
Due to the definition of CA|Bmax , there exists an incoherent-
quantum state τA|B such that
ρAB ≤ 2CA|Bmax (ρAB)τA|B .
Thus
Tr [MρAB ] ≤ 2CA|Bmax (ρAB) Tr
[
MτA|B
]
,
which leads to
1 +
1
dA − 1C
A|B
l1
(ρAB) ≤ 2CA|Bmax (ρAB).
Besides, let us take the incoherent-quantum state σA|B to
be
σA|B =
1
1 + C
A|B
l1
(ρAB)
[
∑
i
|i〉〈i|A ⊗ ρBii
+
∑
i<j
|i〉〈i|A ⊗ |ρBji|+ |j〉〈j|A ⊗ |ρBij |].
Then ρAB ≤ (1 + CA|Bl1 (ρAB))σA|B , as
(1 + C
A|B
l1
(ρAB))σA|B − ρAB
=
∑
i<j
[|i〉〈i|A ⊗ |ρBji|+ |j〉〈j|A ⊗ |ρBij |
−|i〉〈j|A ⊗ ρBij − |j〉〈i|A ⊗ ρBji]
≥ 0,
where the inequality comes from the fact that |i〉〈i|A⊗ |ρBji|+
|j〉〈j|A ⊗ |ρBij | =
∣∣|i〉〈j|A ⊗ ρBij + |j〉〈i|A ⊗ ρBji ∣∣ for i 6= j.
Proposition 16. Given a bipartite state ρAB ∈ D(HA⊗HB),
if there exists a unitary operatorUAB =
∑
i |i〉〈i|A⊗UBi such
that UBi ρ
B
ijU
B,†
j = |ρBij | for any i,j, then
CA|Bmax (ρAB) = log(1 + C
A|B
l1
(ρAB)), (25)
where |P | is defined as |P | =
√
P †P .
Proof. Set λ = 2C
A|B
max (ρAB). Due to the definition of CA|Bmax ,
there exists a state σA|B ∈ IQ such that
ρAB ≤ 2λσA|B .
Applying the unitary operation UAB(·)U†AB on both sides of
the above equation and the taking the partial trace on part B,
one obtains ∑
i,j
∥∥ρBij∥∥tr |i〉〈j|A ≤ 2λσA,
where σA is the reduced state of σA|B and thus σA ∈ I. Tak-
ing the pure state |+〉 = 1√
dA
∑
i |i〉A, we get
〈+|
∑
i,j
∥∥ρBij∥∥tr |i〉〈j|A |+〉 ≤ 2λ 〈+|σA |+〉 ,
which implies that 2λ ≥ ∑i,j ∥∥ρBij∥∥tr as 〈+ |σλ|+〉 = 1/dA
and 〈+|i〉〈j|+〉 = 1/dA for any i, j. That is, CA|Bmax (ρAB) ≥
log(
∑
i,j
∥∥ρBij∥∥tr) = log(1 + CA|Bl1 (ρAB)). Combining with
Proposition 15, we obtain the result.
It is easy to see that pure bipartite states satisfy the con-
ditions in Proposition 16. Thus the equation (25) holds
for any bipartite pure states. Moreover, the bipartite states
ρAB , which have the following form ρAB =
∑
k ρ
AB
k with
ρABk = |k〉〈k| ⊗ ρBkk + |dA − k〉〈dA − k| ⊗ ρBdA−k,dA−k +
|k〉〈dA − k| ⊗ ρBk,dA−k + |dA − k〉〈k| ⊗ ρBdA−k,k, also sat-
isfy the conditions in Proposition 16, that is, the equation
(25) holds for such states. For example, for the bipartite state
ρAB(λ) = λ|φ+〉〈φ+| + (1 − λ)|ψ+〉〈ψ+| with 0 ≤ λ ≤ 1,
|φ+〉 = 1√2 (|00〉 − |11〉) and |ψ+〉 = 1√2 (|01〉 − |10〉), the
equation (25) holds.
Note that, other coherence measures defined on a single
system, such as coherence weight [22], can also be used to
define the corresponding IQ coherence measures on bipartite
systems in a similar way, which is omitted here. Although
the IQ coherence measure depends on the local basis in sub-
system A, it will become the measures of classical-quantum
correlation if we take the minimization over all the local basis
on system A [43, 44]. For example, let us take the minimiza-
tion over all the local basis for l1 norm of IQ coherence as
follows,
Q
A|B
l1
(ρAB) = min
local basis on A
C
A|B
l1
(ρAB),
where QA|Bl1 is called one-side negativity of quantumness [43,
44].
V. ADDITIVITY OF IQ COHERENCE MEASURES
The above sections show that IQ coherence measures can
capture the nonlocal correlation between subsystems. How-
ever, the measure of nonlocal correlation may not be addi-
tive, such as the relative entropy of entanglement. Thus we
9discuss the additivity of IQ coherence measures in this sec-
tion. Let us begin with the simplest case, relative entropy
and l1 norm. In view of the definition, it is easy to see the
additivity of CA|Br and C
A|B
l1
: for any two bipartite states
ρA1B1 ∈ D(HA1 ⊗ HB1) and ρA2B2 ∈ D(HA2 ⊗ HB2),
then
CA1A2|B1B2r (ρA1B1 ⊗ ρA2B2)
= CA1|B1r (ρA1B1) + C
A2|B2
f (ρA2B2),
and
1 + C
A1A2|B1B2
l1
(ρA1B1 ⊗ ρA2B2)
= [1 + C
A1|B1
l1
(ρA1B1)] · [1 + CA2|B2l1 (ρA2B2)].
Now, we consider the additivity of IQ coherence measures
C
A|B
max and C
A|B
f , for which we have the following proposi-
tions.
Proposition 17. For any two bipartite states ρA1B1 ∈
D(HA1 ⊗HB1) and ρA2B2 ∈ D(HA2 ⊗HB2),
CA1A2|B1B2max (ρA1B1 ⊗ ρA2B2)
= CA1|B1max (ρA1B1) + C
A2|B2
max (ρA2B2). (26)
Proof. Due to definition of max-relative entropy of IQ co-
herence measure, there exists optimal IQ states σA1|B1 and
σA2|B2 such that ρAiBi ≤ 2C
A|B
max (ρAiBi )σAi|Bi . Hence, we
have the following inequality,
CA1A2|B1B2max (ρA1B1 ⊗ ρA2B2)
≤ CA1|B1max (ρA1B1) + CA2|B2max (ρA2B2).
Now, we prove the converse. It has been proved in Ref.
[25] that
2C
A|B
max (ρAB) = max
τAB≥0
∆A⊗IB(τAB)=IAB
Tr [ρABτAB ] .
Hence, there exist operators τAiBi such that τAiBi ≥
0, ∆Ai ⊗ IBi(τAiBi) = IAiBi and 2C
Ai|Bi
max (ρAB) =
Tr [ρAiBiτAiBi ] , for i = 1, 2. Then the operator
τA1A2B1B2 := τA1B1 ⊗ τA2B2 satisfies the conditions
τA1A2B1B2 ≥ 0 and ∆A1 ⊗ ∆A2 ⊗ IB1B2(τA1A2B1B2) =
IA1A2B1B2 , which implies that 2C
A1A2|B1B2
max (ρA1B1⊗ρA2B2 ) ≥
Tr [(ρA1B1 ⊗ ρA2B2)τA1A2B1B2 ], i.e.,
CA1A2|B1B2max (ρA1B1 ⊗ ρA2B2)
≥ CA1|B1max (ρA1B1) + CA2|B2max (ρA2B2).
Therefore, we obtain the result.
Proposition 18. For any two bipartite states ρA1B1 ∈
D(HA1 ⊗HB1) and ρA2B2 ∈ D(HA2 ⊗HB2),
C
A1A2|B1B2
f (ρA1B1 ⊗ ρA2B2)
= C
A1|B1
f (ρA1B1) + C
A2|B2
f (ρA2B2). (27)
Proof. Due to the definition of CA|Bf , it is easy to get the in-
equality
C
A1A2|B1B2
f (ρA1B1 ⊗ ρA2B2)
≤ CA1|B1f (ρA1B1) + CA2|B2f (ρA2B2).
Thus, we only need to prove the converse. First, we prove
that for any pure state |ψ〉A1A2B1B2 , the following inequality
holds,
C
A1A2|B1B2
f (ψA1A2B1B2)
≥ CA1|B1f (σA1B1) + CA2|B2f (σA2B2), (28)
where σA1B1 , σA2B2 are the corresponding reduced states of
|ψ〉〈ψ|A1A2B1B2 . Since the pure state |ψ〉A1A2B1B2 can be
written as |ψ〉A1A2B1B2 =
∑
i
√
pi |i〉A1 |ui〉A2B1B2 , then
C
A1A2|B1B2
f (ψA1A2B1B2)
= S(∆A1 ⊗∆A2(σA1A2))
= S(∆A1(σA1)) +
∑
i
piS(∆A2(σ
A2
i ))
= S(∆A1(σA1)) +
∑
i
piS(∆A2(TrB2σ
A2B2
i ))
≥ CA1|B1f (σA1B1) + CA2|B2f (σA2B2),
where S(∆A1(σA1)) ≥ CA1|B1f (σA1B1) results
from the concavity of von Neumann entropy, and∑
i piS(∆A2(TrB2σ
A2B2
i )) ≥ CA2|B2f (σA2B2) comes
from (7).
Moreover, there exists an optimal pure state decom-
position of ρA1B1 ⊗ ρA2B2 =
∑
i λi|ψi〉〈ψi|A1A2B1B2
such that CA1A2|B1B2f (ρA1B1 ⊗ ρA2B2) =∑
i λiC
A1A2|B1B2
f (|ψi〉〈ψi|A1A2B1B2). Therefore,
C
A1A2|B1B2
f (ρA1B1 ⊗ ρA2B2)
=
∑
i
λiC
A1A2|B1B2
f (|ψi〉〈ψi|A1A2B1B2)
≥
∑
i
pi[C
A1|B1
f (σ
A1B1
i ) + C
A2|B2
f (σ
A2B2
i )]
≥ CA1|B1f (ρA1B1) + CA2|B2f (ρA2B2),
where the first inequality comes from (28), the sec-
ond inequality comes from the convexity of CA|Bf
with σiA1B1 = TrA2B2 |ψi〉〈ψi|A1A2B1B2 , σA2B2i =
TrA1B1 |ψi〉〈ψi|A1A2B1B2 , ρA1B1 =
∑
i piσ
A1B1
i and
ρA2B2 =
∑
i piσ
A2B2
i .
Note that the additivity of CA|Ba is still unclear as the
method used in the proof of the additivity of CA|Bf does not
work for CA|Ba . Nevertheless, if the subsystems Bi ( i = 1, 2
) are trivial, i.e., the dimension is 1, then one has the additivity
of the coherence measures. For example, the additivity of IQ
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coherence measures CA|Bmax will lead to the additivity of Cmax
if the subsystems Bi ( i = 1, 2 ) are trivial.
Corollary 19. Given two quantum states ρ1 ∈ D(HA1) and
ρ2 ∈ D(HA2), it holds that
Cmax(ρ1 ⊗ ρ2) = Cmax(ρ1) + Cmax(ρ2). (29)
Due to the additivity of Cmax, we can obtain the additivity
of robustness of coherence ROC [21] as follows,
1 +ROC(ρ1 ⊗ ρ2) = [1 +ROC(ρ1)] · [1 +ROC(ρ2)],
(30)
which comes directly from the fact that Cmax(ρ) = log(1 +
ROC(ρ)) [23]. Following the same method, it is easy to ob-
tain the additivity of coherence weight Cw[22] as following,
1− Cw(ρ1 ⊗ ρ2) = [1− Cw(ρ1)] · [1− Cw(ρ2)]. (31)
Thus, the additivity of robustness of coherence and coherence
weight are proved here, which will be useful to the further
study on the distribution of coherence in multipartite systems
quantified by robustness of coherence and coherence weight.
VI. CONCLUSION
In this work, we have investigated the properties of the
incoherent-quantum coherence measures defined by relative
entropy, max-relative entropy and l1 norm on bipartite sys-
tems. We also introduce the IQ coherence of formation and
assistance on bipartite systems. And we have found the dis-
tribution of coherence of formation Cf and assistance Ca in
bipartite systems: the total coherence of formation is lower (
upper ) bounded by the sum of coherence of formation (assis-
tance) in each local subsystem and entanglement of formation
( assistance ) between subsystems. Besides, we have obtained
the tradeoff relation between coherence cost and entanglement
cost, distillable coherence and distillable entanglement in bi-
partite systems. Moreover, we have obtained the monogamy
relationship of the IQ coherence of formation and assistance in
tripartite systems. Furthermore, the additivity of IQ coherence
measures have been discussed. These results substantially ad-
vance the understanding of the physical laws that governs the
distribution of quantum coherence in bipartite systems and
pave the way for the further researches in this direction.
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Appendix A: Properties of CA|Bf
Proof of strong monotonicity under IO on A side for CA|Bf .
For any incoherent operation ΛAIO on A side with
the set of Kraus operators {KAµ }, we need to prove∑
µ qµC
A|B
f (ρAB)(ρµ) ≤ CA|Bf (ρAB). Due to the definition
of CA|Bf , there exists an optimal pure state decomposition
of ρAB =
∑
i pi|ψi〉〈ψi|AB such that CA|Bf (ρAB) =∑
piC
A|B
r (|ψi〉〈ψi|AB). Let |φi,µ〉AB = KAµ |ψi〉AB /
√
qi,µ
with qi,µ = Tr
[
KAµ |ψi〉〈ψi|ABKA,†µ
]
. Hence,
C
A|B
f (ρAB) =
∑
i
piC
A|B
r (|ψi〉〈ψi|AB)
≥
∑
i
pi
∑
µ
qi,uC
A|B
r (|φi,µ〉〈φi,µ|)
=
∑
µ
qµ
∑
i
piqi,µ
qµ
CA|Br (|φi,µ〉〈φi,µ|)
≥
∑
µ
qµC
A|B
r (ρµ),
where the first inequality comes from the fact that CA|Br is
strong monotonicity under IO on A side for |ψi〉AB and the
last inequality comes from the convexity of CA|Br .

Proof of monotonicity under CPTP maps on B side for CA|Bf .
For CPTP map ΛB on B side with the set of Kraus oper-
ators {KBµ }, we need to prove CA|Bf (ρAB)(ΛB(ρµ)) ≤
C
A|B
f (ρAB). Due to the definition of C
A|B
f , there exists an
optimal pure state decomposition of ρAB =
∑
i pi|ψi〉〈ψi|AB
such that CA|Bf (ρAB) =
∑
piS(∆A(|ψi〉〈ψi|AB)) =∑
i piS(∆A(ρ
A
i )) with ρ
A
i = TrB [|ψi〉〈ψi|AB ].
Hence ΛB(ρAB) =
∑
i,µ piK
B
µ |ψi〉〈ψi|ABKB,†µ =∑
i pi
∑
µ qi,µ|φi,µ〉〈φi,µ|AB with |φi,µ〉AB =
KAµ |ψi〉AB /
√
qi,µ and qi,µ = Tr
[
KAµ |ψi〉〈ψi|ABKA,†µ
]
.
Thus
C
A|B
f (Λ
B(ρAB)) ≤
∑
i,µ
piqi,µS(∆A(|φi,µ〉〈φi,µ|))
=
∑
i,µ
piqi,µS(∆A ⊗ TrB(|φi,µ〉〈φi,µ|))
≤
∑
i
piS(
∑
µ
qi,µ∆A ⊗ TrB(|φi,µ〉〈φi,µ|))
=
∑
i
piS(∆A(ρ
A
i ))
= C
A|B
f (ρAB),
where the first inequality comes from the definition of CA|Bf
and the second inequality comes from the fact the concavity
of von Neumann entropy. 
Lemma 20. Given a bipartite pure state |ψ〉AB , it holds that
S(∆A(ψAB)) = S(∆A(TrB [ψAB ])). (A1)
Proof. Since the pure state |ψ〉AB can be expressed in the
given basis { | i〉A }i ofHA as follows,
|ψ〉AB =
∑
i
√
pi |i〉A |ui〉B ,
with pi ≥ 0 and
∑
i pi = 1. Then
∆A(ψAB) =
∑
i
pi|i〉〈i|A ⊗ |ui〉〈ui|B ,
∆A(TrB [ψAB ]) =
∑
i
pi|i〉〈i|A,
which implies that S(∆A(ψAB)) = S(∆A(TrB [ψAB ])) =
−∑i pi log pi.
Appendix B: Strong monotonicity under IO on A side
The strong monotonicity under IO on A side can be proved
following the similar method used in [4]. For incoherent
operation on A side ΛAIO(·) =
∑
µK
A
µ (·)KA,†µ , ρABµ =
12
KAn ρABK
A,†
µ /pµ and pµ = Tr
[
KAµ ρABK
A,†
µ
]
. Thus
∑
µ
pµC
A|B
l1
(ρABµ ) =
∑
µ
pµ
∑
i6=j
∥∥ρABµ ∥∥tr
=
∑
µ
∑
i 6=j
∥∥〈i ∣∣KAµ ρABKA,†µ ∣∣ j〉∥∥tr
=
∑
µ
∑
i 6=j
∥∥∥∥∥∑
r,s
[KAµ ]ir[K
A,†
µ ]sjρ
B
rs
∥∥∥∥∥
tr
,
where ρBrs =
〈
r
∣∣ρABµ ∣∣ s〉A ∈ B(HB).
Since ΛA is incoherent, then [KAµ ]ir[K
A,†
µ ]rj = δij for any
r, where δij = 1 if i = j, otherwise δij = 0. Therefore
∑
µ
pµC
A|B
l1
(ρABµ ) =
∑
µ
∑
i 6=j
∑
r 6=s
∥∥∥∥∥∑
r,s
[KAµ ]ir[K
A,†
µ ]sjρ
B
rs
∥∥∥∥∥
tr
≤
∑
µ
∑
i 6=j
∥∥[KAµ ]ir[KA,†n ]sjρBrs,µ∥∥tr
=
∑
r 6=s
∥∥ρBrs,µ∥∥tr∑
µ
∑
i 6=j
|[KAn ]ir[KA,†µ ]sj |
≤
∑
r 6=s
∥∥ρBrs∥∥tr ,
where the last inequality comes from the fact that∑
µ
∑
i 6=j |[KAµ ]ir[KA,†µ ]sj | ≤ 1 given in [4]. Thus, we ob-
tain the strong monotonicity of CA|Bl1 under IO on A side.
Appendix C: Relation between l1 norm and trace norm
The trace norm ‖·‖tr is closely related to the l1 norm ‖·‖l1 ,
for which we have the following relationship,
Lemma 21. Given an operator P ∈ B(H) and a fixed refer-
ence basis { | i〉 }i ofH. Then
‖P‖tr = minU,V ‖UPV ‖l1 , (C1)
where the minimization is taken over all the unitaries U, V
acting onH and ‖·‖l1 is defined by the the given basis.
Proof. First, let us prove that for operator P ∈ B(H),
‖P‖tr ≤ ‖P‖l1 . Due to single value decomposition of P ,
there exists two orthonormal basis { | xi〉 }i and { | yi〉 }i
such that
‖P‖tr =
∑
i
〈xi |P | yi〉
=
∑
i
∑
j,k
〈xi|j〉〈j |P | k〉〈k|yi〉
≤
∑
j,k
| 〈j |P | k〉 |
∑
i
|〈xi|j〉〈k|yi〉|
≤
∑
j,k
| 〈j |P | k〉 |,
where the last inequality comes from the fact that∑
i |〈xi|j〉〈k|yi〉| ≤ (
∑
i |〈xi|j〉|2)
1
2 (
∑
i |〈k|yi〉|2)
1
2 = 1
with { | xi〉 }i and { | yi〉 }i being the orthonormal basis.
Thus, ‖P‖tr = ‖UPV ‖tr ≤ ‖UPV ‖l1 for any two unitaries.
Besides, there exist unitaries U and V such that UPV =∑
i si|i〉〈i| with { si }i being the single value of P , and thus‖UPV ‖l1 = ‖P‖tr.
